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Abstract
We generalize a recent result of de la Cal and Ca´rcamo concerning an extremal property of Bernstein
operators.
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1. Introduction and main results
Let n be a natural number greater than 1. Consider a set of linear independent functions
{ϕ0, . . . , ϕn} ⊂ C[0, 1] such that ϕk(x) > 0, for x ∈ (0, 1), and k = 0, . . . , n. Let
xk ∈ [0, 1], k = 0, . . . , n, be distinct points. Denote by δx , x ∈ [0, 1], the evaluation functional
δx :R[0,1]→ R, δx ( f ) := f (x).
Definition 1. A linear operator U : C[0, 1] → C[0, 1] of the form U =∑nk=0 ϕkδxk is said to be
of discrete type.
Denote by V the set of all linear operators V : C[0, 1] → C[0, 1] preserving the affine functions
and having the form V = ∑nk=0 ϕkλk , where λk are linear and positive functionals defined on
C[0, 1].
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Theorem 2. Let U be an operator of discrete type preserving the affine functions. Then, for all
V ∈ V , the following inequality is satisfied
f ≤ U f ≤ V f, for any convex function f ∈ C[0, 1].
Moreover, if there exist a strict convex function g ∈ C[0, 1] and a point x ∈ (0, 1) such that
Ug(x) = V g(x), then V = U.
Suppose that the points xk satisfy 0 = x0 < · · · < xn = 1.
Theorem 3. Let U : C[0, 1] → C[0, 1] be an operator of discrete type preserving the affine
functions and V : C[0, 1] → R[0,1] a linear positive operator. Then, the following propositions
are equivalent:
(a) V ∈ V .
(b) There exists a linear positive operator L: C[0, 1] → C[0, 1] preserving linear functions such
that V = U ◦ L.
(c) There exists a linear positive operator L: C[0, 1] → R[0,1] preserving the affine functions
such that V = U ◦ L.
Remark 4. Theorems 2 and 3 are respective extensions of Theorems 2 and 3 in [3], where k/n
are replaced by arbitrary knots xk and the Bernstein basis is replaced by the functions ϕk . See
also [2, Th. 1].
2. Auxiliary results
The divided difference [x1, x2, x3; f ] of a function f ∈ R[0,1] on the distinct knots x1, x2,
x3 ∈ [0, 1] is defined by
[x1, x2, x3; f ] := f (x1)
(x1 − x2)(x1 − x3) +
f (x2)
(x2 − x3)(x2 − x1) +
f (x3)
(x3 − x1)(x3 − x2) .
A function f ∈ R[0,1] is said to be convex (strictly convex) if
[x1, x2, x3; f ] ≥ 0 (> 0), ∀ distinct knots x1, x2, x3 ∈ [0, 1].
As usual, denote by ei the monomials ei (t) := t i , i = 0, 1, 2. For t ∈ [a, b], consider the positive
part function,ψt : [a, b] → R,ψt (x) = (x−t)+ := (x−t+|x−t |)/2. We note that the functions
ψt are convex.
Throughout this note we use some results of Popoviciu [6], Sˇasˇkin [5], and Lupas¸ [4].
In the case of the Tchebyshev system {e0, e1, e2}, Theorem 1 of [5] (see also [1, p. 117,
Example 3; p.116, Theorem 2.5.4]) becomes:
Theorem 5 (Sˇasˇkin). Let x0 ∈ [a, b]. If F : C[a, b] → R is a linear positive functional such that
F(ei ) = ei (x0), i = 0, 1, 2, (1)
then
F( f ) = f (x0), ∀ f ∈ C[a, b].
In the case of n = 2, Popoviciu’s Theorem [6, The´ore`me 12] becomes:
Theorem 6 (Popoviciu). If F : C[a, b] → R is a linear functional such that:
(i) F(e0) = F(e1) = 0, F(e2) > 0,
(ii) F(ψt ) ≥ 0,∀t ∈ [a, b],
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then, for any f ∈ C[a, b], there exists a set of distinct points θ1, θ2, θ3 ∈ [a, b], depending on f ,
such that
F( f ) = F(e2)[θ1, θ2, θ3; f ].
Theorem 7 (Lupas¸ [4, Th. 1]). Let A: C[a, b] → R be a linear positive functional with
A(e0) = 1. Then, for any f ∈ C[a, b], there exist distinct points θ1, θ2, θ3 ∈ [a, b], depending
on f , such that
A( f ) = f (A(e1))+ (A(e2)− (A(e1))2)[θ1, θ2, θ3; f ]. (2)
3. Proofs
The proof for Theorem 3 and the first part of Theorem 2 are essentially the same (with obvious
changes) as those given in [3].
Proof of Theorem 2 (Second Part). From
Ue0 = e0 = V e0 and Ue1 = e1 = V e1,
using the linear independence of the set {ϕ0, . . . , ϕn}, we obtain:
λk(e0) = 1 = e0(xk) and λk(e1) = xk = e1(xk), k = 0, . . . , n. (3)
Let g ∈ C[0, 1] be a strictly convex function and x ∈ (0, 1) such that V g(x) = Ug(x), i.e.,
n∑
k=0
(λk(g)− g(xk))ϕk(x) = 0. (4)
Using the Jensen inequality for the functionals λk , we obtain
λk(g) ≥ g(λk(e1)) = g(xk), k = 0, . . . , n. (5)
By using the positivity of ϕk , Eqs. (4) and (5) imply
λk(g) = g(xk), k = 0, . . . , n. (6)
From Theorem 7, we deduce that there exist distinct points θ1, θ2, θ3 ∈ [0, 1] such that
λk(g) = g(xk)+ (λk(e2)− (λk(e1))2)[θ1, θ2, θ3; g], k = 0, . . . , n. (7)
Since g is strictly convex, Eqs. (6) and (7) imply
λk(e2) = (λk(e1))2 = x2k = e2(xk), k = 0, . . . , n. (8)
Eqs. (3) and (8), and Theorem 5 give λk( f ) = f (xk), k = 0, . . . , n. This concludes the
proof. 
For readers’ convenience, we insert below an original simple proof of Sˇasˇkin’s Theorem.
Proof of Theorem 5. Since the class of all Lipschitz functions f : [a, b] → R is dense in
C[a, b], it is sufficient to prove the theorem for Lipschitz functions only. Let f ∈ LipM [a, b].
The following inequalities are satisfied:
| f (x)− f (x0)| ≤ M |x − x0|, ∀x ∈ [a, b],
F(| f − f (x0)|) ≤ M F(|e1 − x0|).
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By using (1), the Schwarz inequality implies F(|e1 − x0|) ≤
√
F((e1 − x0)2) = 0, hence
F(| f − f (x0)|) = 0. (9)
Since |F(g)| ≤ F(|g|), ∀g ∈ C[a, b], Eq. (9) yields F( f ) = f (x0). 
We present below a simple original proof of Lupas¸’s Theorem 7.
Proof of Theorem 7. By Schwarz’s inequality we deduce that A(e2)− (A(e1))2 ≥ 0. Consider
first the case A(e2) − (A(e1))2 > 0. Define the auxiliary linear functional B: C[a, b] → R,
B( f ) = A( f )− f (A(e1)) (see A(e1) ∈ [a, b]). We have:
B(e0) = A(e0)− e0(A(e1)) = 1− 1 = 0,
B(e1) = A(e1)− e1(A(e1)) = A(e1)− A(e1) = 0,
B(e2) = A(e2)− e2(A(e1)) = A(e2)− (A(e1))2 > 0.
Using the Jensen inequality for the linear positive functional A we deduce that
B(ψt ) ≥ 0, for any t ∈ [a, b].
By Popoviciu’s Theorem 6 we deduce that there exist distinct points θ1, θ2, θ3 ∈ [a, b], such that
B( f ) = B(e2)[θ1, θ2, θ3; f ]. This concludes the proof of the first case.
Consider now the case A(e2) = (A(e1))2. We have:
A(e0) = 1 = e0(A(e1)),
A(e1) = e1(A(e1)),
A(e2) = (A(e1))2 = e2(A(e1)).
By Sˇasˇkin’s Theorem 5, we deduce that A( f ) = f (A(e1)) for all f ∈ C[a, b], and Eq. (2) is
satisfied for all distinct points θ1, θ2, θ3 ∈ [a, b]. 
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